We report on recent progress in the calculation of the 3-loop massive Wilson coefficients in deepinelastic scattering at general values of N for neutral and charged current reactions in the asymptotic region Q 2 m 2 . Four new out of eight massive operator matrix elements and Wilson coefficients have been obtained recently. We also discuss recent results on Feynman graphs containing two-massive fermion lines and present complete results for the bubble topologies for all processes.
Introduction
The Wilson coefficients for the heavy quark contributions are known to 2-loop order in semianalytic form [1, 2] . 1 In the asymptotic region of large virtualities Q 2 m 2 , the Wilson coefficients were calculated analytically in [4] [5] [6] [7] [8] . This approximation holds in case of F 2 (x, Q 2 ) for scales of Q 2 /m 2 > ∼ 10 at the 1% level [4] . In 2009 a series of Mellin moments N = 2... 10(12, 14) was calculated for all massive operator matrix elements (OMEs) in [9] mapping these moments to massive tadpoles, which could be calculated using MATAD, [10] . In the asymptotic region also the 3-loop corrections for F L (x, Q 2 ) were computed [11] , which are, however, only applicable at much higher scales.
Including the case of transversity [12] there are eight unpolarized massive Wilson coefficients at three loop order to be calculated. In 2010 the Wilson coefficients L (3) qg,Q and L (3),PS qq,Q were computed [13] . Here the exchanged gauge boson couples to a massless fermion line. Furthermore, all contributions due to the color factors C F,A T 2 F N F have been computed in [13, 14] . 3-loop ladder and V -topologies have been studied in detail in [15, 16] . In all these calculations after performing the Feynman parameter integrals, nested finite and infinite sums over hypergeometric terms, cf. [17] , occur, which have to be solved by applying modern summation technologies. 2 These are encoded in the packages Sigma [19] [20] [21] [22] [23] [24] [25] [26] [27] , EvaluateMultiSums [27] [28] [29] , SumProduction [27] , and ρ-Sum [30] . Algebraic and structural relations between sums of specific types, such as harmonic sums [31] [32] [33] , multiple zeta values [34] , harmonic polylogarithms [35] , generalized harmonic sums and associated polylogarithms [36, 37] , cyclotomic harmonic sums and polylogarithms [38] , as well as binomially weighted finite sums and the associated polylogarithms [39] , are mutually applied in these calculations. 3 The corresponding relations and algorithms are encoded in the package HarmonicSums [37, 41] .
During the last year we have calculated four more OMEs at three loop order, A and A (3) ,PS Qq at large Q 2 . The corresponding topologies were first reduced to master integrals using integration-by-parts relations [42] using the package Reduze2 [43, 44] . The master integrals were finally calculated using different summation technologies being described above. Furthermore, we computed the bubble topologies for all OMEs containing one massless bubble. Progress has also been made in the calculation of the topologies with two massive lines of the same mass.
In this note we report on these series of results obtained recently. In Section 2 the yet missing results for the 2-bubble topologies, with one massless line beyond the results given in [13, 15] , are presented. In Section 3 we discuss complete results obtained for four new massive OMEs and Wilson coefficients. Results on graphs with two massive quark lines of equal masses are discussed in Section 4. The asymptotic massive two-loop Wilson coefficients for charged current reactions are given in Section 5, and Section 6 contains the conclusions.
Results for Bubble Graphs
All 2-bubble topologies have been calculated for all the massive operator matrix elements at general N. The contributions ∝ N F T 2 F for A Qg have been obtained before in [13] and for A (3) gg in [14] . Likewise, the terms ∝ T 2 F were given in [45] for A
PS
Qq . 4 In the following we list the corresponding results for a k,b i j in the pure-singlet-, gg-and Qg-cases. Here harmonic sums S a (N) ≡ S a up to weight w = 5, including negative indices contribute. The calculation of the corresponding graphs has been carried out directly using (generalized) hypergeometric function techniques for the whole diagrams to convert them into sum-representations. The latter were solved using modern summation techniques as encoded in the packages Sigma [19] [20] [21] [22] [23] [24] [25] [26] [27] , EvaluateMultiSums [27] [28] [29] , SumProduction [27] , and ρ-Sum [30] .
For the pure-singlet OME all contributions are given. The constant part of the unrenormalized OME reads :
The polynomials P i read :
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The new contributions to the finite part of the OME A
gg read :
The polynomials R i are Likewise, the new contributions to a Qg beyond the results given in [13] , are given by :
with the polynomials Q i given by These quantities will be used in the later calculation of the full massive OMEs.
Complete Wilson Coefficients
After the first two massive OMEs, L
qg,Q and L (3),PS qq,Q , at 3-loop order were calculated in [13] , during the last months we computed four other OMEs and associated massive Wilson coefficients in the asymptotic region Q 2 m 2 . These are the non-singlet OME A gq,Q , and very recently also the pure singlet A (3),PS gq,Q . These matrix elements contain topologies up to Benz-graphs with respective local operator insertions. We used Reduze2 [43, 44] to reduce the diagrams to master integrals applying the integration-by-parts relations for Feynman diagrams containing local operator insertions. In the first three cases the master integrals could be calculated using hypergeometric function techniques and Mellin-Barnes [46, 47] representations to map the integrals into nested finite and infinite sums, which were then solved using the summation technologies of [19-29, 37, 41] . For A gq,Q the results can be represented using harmonic sums only.
As an example we show the constant part of the unrenormalized OME for transversity a 
were partly solved using differential and difference equations applying the packages Sigma, EvaluateMultiSums, SumProductionand HarmonicSums. Here the structure of the Wilson coefficient contains a series of generalized harmonic sums as a fully inclusive quantity in QCD. They are of the type
These sums may individually diverge as N → ∞. However, the asymptotic expansion of the complete expression is well behaved. In the representation in x-space, generalized harmonic polylogarithms emerge. For QCD corrections being related to deep-inelastic scattering quantities of this kind are observed for the first time.
Graphs with two massive quark lines of equal masses
Starting from 3-loop order graphs with two distinct internal massive lines occur in the calculation of the massive operator matrix elements. The corresponding contributions to the operator matrix elements A gg and A gq are characterized by the color factors T 2 F C A (C F ) without additional factors N f . The challenge in computing these diagrams derives from the fact that identifying hypergeometric series directly, as used in earlier 3-loop calculations [13] [14] [15] , leads to divergent sums. In fact the degree of divergence even grows linearly with N due to factors
where N is the Mellin variable, i the summation index of an infinite sum, and α, β are independent of N and i. To avoid this source of divergence, a Mellin-Barnes representation is introduced and the Beta-function of the above type is kept in the form of a Feynman parameter integral. As a result, the divergent pattern can be removed by observing that the contour of the Mellin-Barnes integral either must be closed to the right or to the left, depending on the value of the remaining Feynman parameter. Due to this distinction the remaining integral does not represent a Beta-function anymore, but will be performed in the space of certain iterated integrals at a later stage. The sum of residues is simplified using symbolic summation technologies [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . In order to perform the last integral in x, say, a generating function for the Mellin moments is introduced with
where R(x) ∈ {1/(1 + x 2 ), x 2 /(1 + x 2 )}. This introduces cyclotomic letters weighted by the tracing parameter κ. The resulting expression involves cyclotomic harmonic polylogarithms (HPLs) which depend on the variable κ. In order to extract the Mellin-space expression the Nth Taylor coefficient has to be calculated, which is possible using the packages HarmonicSums [37, 38, 41] and Sigma [19] [20] [21] [22] [23] [24] [25] [26] [27] . The resulting multi-sum expressions are simplified using the package EvaluateMultiSums [27] [28] [29] and expressed in a basis of indefinite (nested) sums.
As a proof of principle we calculated all scalar graphs which correspond to the T 2 Fcontributions to A gg . Also the calculation of the full T 2 F contributions will be finished soon. One of the QCD-graphs is shown in Figure 1 . The N-space result has the following form:
Here the functions P i are polynomials in N up to degree d = 17 and we used the shorthand notation S a (N) ≡ S a for the harmonic sums. Besides the well-known harmonic sums the above diagram depends on the new structure
which involves binomially weighted harmonic sums within finite sums. 5 These objects cannot be represented in terms of (generalized) harmonic sums or (generalized) cyclotomic sums. In all scalar diagrams, and all considered QCD diagrams contributing to the color factors T 2 F C A (C F ) these sums occur in the same combination, which is hence a property of the corresponding Feynman diagrams.
In some terms denominators occur, which introduce poles at points N = . However, the rightmost singularity expected for these diagrams is N = 1. Interestingly, these poles can be shown to be removable by expanding (4.3) in a Laurent series around these points.
Massive quark production in charged current DIS at 2-loop order
The O(α s ) corrections to heavy flavor production in charged current deep-inelastic scattering have been calculated in [56] [57] [58] . Here the O(α 2 s ) corrections are presented in the asymptotic region Q 2 m 2 [59] , comparing to an earlier calculation in Ref. [60] . This process is particularly important because of its sensitivity to the sea quark densitiess(x, Q 2 ),d(x, Q 2 ) andū(x, Q 2 ). Furthermore the asymptotic representation is fully justified since the corresponding data are measured mostly at high virtualities Q 2 > ∼ 100 GeV 2 . 6 The charged current cross sections for deep inelastic lepton-nucleon scattering is commonly parameterized in three structure functions F 1 , F 2 , F 3 :
The expressions of the heavy flavor Wilson coefficients in the asymptotic region are constructed in terms of light flavor Wilson coefficients and massive operator matrix elements (OMEs). This is achieved by exploiting the process independence of the PDFs and OMEs and constructing the 4-flavor expressions in the variable flavor number scheme in [5, 9] . By matching them back onto the 3-flavor scheme one finds the factorization formulae in the asymptotic region : (2) 3,g . The correctness of the present result was checked by an explicit calculation of the leading logarithmic parts using the same idea as in [66] , referring to the ladder graph contributions in physical gauge. Furthermore the construction of H W,(1) 3,g in the same way delivers a minus sign that can be reproduced by the asymptotic expansion of the exact 1-loop result [58] . We also calculated the terms to O(α 2 s ) having been left out in Ref. [60] . The representation of the Wilson coefficients (5.3) both in Mellin-N and x-space have been derived [59] using the package HarmonicSums [37, 38, 41] . For the use in phenomenological applications we implemented both these expressions into FORTRAN-programs, which are available on request.
In Figures 2 numerical illustrations of the charm quark corrections to F 2 (x, Q 2 ) and xF 3 (x, Q 2 ) are given in leading (LO), next-to-leading (NLO) and next-to-next-to-leading order (NNLO) at different scales of Q 2 . The difference between LO and NLO turns out to be large since the NLO corrections are dominated by the gluon-W fusion process, which contributes for the first time, and which reflects the size of the gluon distribution. They get much smaller comparing NLO and NNLO, where also the factorization scale uncertainty is expected to stabilize. Here the ABM11 PDF set [67] at NNLO in the 3-flavor scheme was used.
Conclusions
We reported on recent progress in the calculation of massive 3-loop operator matrix elements and Wilson Coefficients for deep-inelastic scattering for general values of the Mellin variable N. Four years after a larger amount of Mellin moments for these quantities had been computed, six out of eight OMEs and corresponding Wilson coefficients in the region Q 2 m 2 have been calculated analytically. In parallel, quite a series of theoretical, mathematical and computer-algebraic technologies had to be newly developed and put significantly forward to make the present results possible. Here we would like to note in particular the automated use of IBP-identities for massive 3-loop diagrams also containing local operator insertions in Reduze2 and modern summation technologies built in several advanced summation packages by the Linz-Group along with the development of the present project. These and related technologies are assumed to have a significant potential to be used in many other calculations in quantum field theory in the future. We also obtained a better insight into the calculation of the more difficult topologies, like those of V -graphs and the treatment of graphs with two massive fermion lines, being necessary to perform the forthcoming calculations. Furthermore, we obtained the asymptotic O(α 2 s ) heavy-flavor corrections for deep-inelastic charged current scattering. The remaining part of the present project is still putting a series of very interesting challenges to be mastered.
